CALCULATOR-FREE 3 METHODS UNIT 3

This section has seven (7) questions. Answer all questions. Write your answers in the spaces
provided.

Working time: 50 minutes.

Question 1 (6 marks)

A box contains five balls numbered 1,3,5,7 and 9. Three balls are randomly drawn from the box
at the same time and the random variable X is the largest of the three numbers drawn.

(a) By listing all ten possible outcomes (135, 137, etc.), determine P(X < 7). (2 marks)

i s

(b) Construct a table to show the probability distribution of X. (2 marks)
r

(¢) Calculate E (X). (2 marks)
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CALCULATOR-FREE 4 METHODS UNIT 3
Question 2 (6 marks)
A function defined by f(x) = 39 + 24x — 3x? — x* has stationary points at (—4, —41) and (2,67).

(a) Use the second derivative to show that one of the stationary points is a local maximum
and the other a local minimum. (3 marks)

(b) Determine the coordinates of the point of inflection of the graph of y = f(x) and
Justify whether it is a horizontal or oblique point of inflection. (3 marks)
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Question 3

d
Determine d_y for the following, simplifying each answer.
2

(a) y =V3 —4x.
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CALCULATOR-FREE 6 METHODS UNIT 3
Question 4 (6 marks)

The height, in metres, of a lift above the ground t seconds after it starts moving is given by
t
— 2
h = 2cos (g)

17m

Use the increments formula to estimate the change in height of the lift from ¢ = Sg tot= >0
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CALCULATOR-FREE 7, METHODS UNIT 3
Question 5 (9 marks)

The function g is such that g'(x) = ax? — 12x + b, it has a non-horizontal point of inflection at
(2,7) and a stationary point at (-2, 135).

(a) Determine g(1). (5 marks)

(b) Determine

2
(i) f g' () dx. (2 marks)
-2

2
(ii) f , 2g'(x) + 6dx. (2 marks)
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Question 6 (8 marks)

(@) The graph of y = f(t) is shown below, where f(t) = 5sin (%t)

8 9 10 11 12

(i) Determine the exact area between the horizontal axis and the curve for 0 <t < 4.
(4 marks)

— :" x
Another function, F, is defined as F(x) = f f(t)dt over the domain 0 < x < 16.
0

(i) Determine the value(s) of x for which F(x) has a maximum and state the value of F(x) at
this location. (2 marks)

' _
(b) J [ex i J dx (2 marks)
r
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Question 7 (7 marks)

Two houses, P and Q, are 600 m apart on either side of a straight railway line AC. AC is the
perpendicular bisector of PQ and the midpoint of PQ is B. A small train, R, leaves station C and
travels towards B, 1000 m from €.

P
300m
A B 6 R i
I
300 m
Q

Let ZPRB = £QRB = 6, where 0 < 8 < 90°, and X = PR + QR + CR, the sum of the distances of
the train from the houses and station.

300(2 — cosd)

(a) By forming expressions for PR, BR and CR, show that X = 1000 + s
sin

(3 marks)

7\

(b) Use a calculus method to determine the minimum value of X. (4 marks)

End of questions SN093-115-1



CALCULATOR-ASSUMED 3 METHODS UNIT 3

Section Two: Calculator-assumed (97 Marks)
This section has fourteen (14) questions. Answer all questions. Write your answers in the spaces

provided.

Working time: 100 minutes.

Question 8 ‘ (7 marks)

A large inland lake contains an abundance of fish. 78% of the fish in the lake are known to be trout. Ten
fish are caught at random from the lake every day.

(@)  Describe, with parameters, a suitable probability distribution to model the number of trout in a day's

catch. (2 marks)
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(b)  Justify your choice of distribution. (1 marks)
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(c)  Determine the probability that less than half of the catch is trout in a day's catch.
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(c) Calculate the probability that over two consecutive days, a total of exactly 19 trout are caught.
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CALCULATOR-ASSUMED
(6 marks)

Question 9
5x+1

Th aph of =

The grap f(x) — 3

)

is shown below.

| |
| | s
0 0.5 1 1.5 2
Two rectangles are also shown on the graph, with dotted lines, and they both have corners just touching
the curve. The smaller is called the inscribed rectangle and the larger is called the circumscribed rectangle.
(a) Complete the missing values in the table below. (1 mark)
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(b) Complete the table of areas below and use the values to determine a lower and upper bound for
2
f f(x)dx. (4 marks)
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Explain how the bounds you found in (b) would change if a larger number of smaller intervals were
' (1 mark)
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CALCULATOR-ASSUMED 5 _ METHODS UNIT 3

Question 10 (8 marks)

The population of a city can be modelled by P = Pye*t, where P is the number of people living in the city, in’
millions, t years after the start of the year 2000.

At the start of years 2007 and 2012 there were 2 245 000 and 2 521 000 people respectively living in the
city.

(a) Determine the value of the constant k. (2 marks)
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(b) Determine the value of the constant P,,. (2 marks)
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(c) Use the model to determine during which year the population of the city will first exceed 3 000 000.
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(d)  Determine the rate of change of the city's population at the start of 2007. (2 marks)
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CALCULATOR-ASSUMED 6 METHODS UNIT 3

Question 11 (8 marks)

A fairground shooting range charges customers $6 to take 9 shots at a target. A prize of $20 is awarded if a
customer hits the target three times and a prize of $40 is awarded if a customer hits the target more than

three times. Otherwise no prize money is paid.

Assume that successive shots made by a customer are independent and hit the target with the probability
0:15.

(a) Calculate the probability that the next customer to buy 9 shots wins

(i) a prize of $20. £ _ \ (2 marks)
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(b) Calculate the expected profit made by the shooting range from the next 30 customers who pay for 9

shots at the target. , (3 marks)
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(c) Determine the probability that more than 6 out of the next 8 customers will not win a prize.
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CALCULATOR-ASSUMED 7 METHODS UNIT 3

Question 12 (8 marks)
Three functions are defined by f(x) = 9¢~%07%, g(x) = 3¢%%%* and h(x) = 3.
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(a) One of the functions is shown on the graph above. Add the graphs of the other two functions.
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(b) Working to three de0|mal places throughon.ﬁ? determine the area of the region enclosed by all three
functions. (5 marks)
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Question 13 (5 marks)

Three tennis balls of radius » cm fit snugly into a closed cylindrical can. A cross section of the metal can
with the tennis balls inside is shown in the diagram below.

(a) Determine an expression for the surface area of the can in terms of r.

SA = 2rch + 2mr’ A o
Py
= Jqrlr)+ 2t o ferruene’s
= par* *t amr &X/WCSSIOM
SA = Jemr”

International standards state that the diameter of a tennis ball must be at least 6.541 cm. The maximum
allowable diameter (6.858 cm) is roughly 4.8% larger than this.

(b) Use the incremental formula to determine the approximate percentage change in the metal required
per can if the radius of each ball is increased 4.8% from the minimum allowable size.
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CALCULATOR-ASSUMED

Question 14

One thousand people were asked the following question:
Do you regularly use social media?

METHODS UNIT 3

The responses were classified by age of the respondents, as shown in the table below.

Response Age <30 (years) Age > 30 (years) Total
Yes 400 250 650
No 50 300 350

Total 450 550 1000

(a) A random variable X is defined to be the probability that a respondent regularly uses social media.
Define the probability distribution, in tabular form, for the random variable X
o colfect | fo

X=X O 7 /%wi;x Jatuto J

l
L) | 830 | = oo 1)
P(x LJI /000 l /oool /Zi? /@) toflectHy

(2 marks)

(b) State the type of probability distribution that underlies the random variable X . (1 mark)

Bernouwlle J Skeka 12
Ao i b b'or
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(c) If one of the respondents is selected at random, determine: Yo
(i) The probability that the respondent was over 30 years of age and regularly used social
media. (1 mark)

459 < 025 |
/9@0 /ﬁ@lzd‘waé,/“?

lof/ut pro
(i) The probability that the respondent was over 30 years of age given that he/she regularly
used social media. (1 mark)
ZSo

650 J Dei/adnes -
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Question 15 (6 marks)
The discrete random variable X is defined by
x o |1 I
) | K PX=x)= {el'x o
f(X"X ) l € ' I 0 elsewhere.
(a)  Showthatk = Zﬁ' (3 marks)
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(b) Use your value of k to determine, in simplest form, the exact mean and sfandard deviation of X.
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F(x)= 4K .(0) + 25..(1)
e’ € )
I o
* —,_:(:: f{)()
Bernouddi ¢, p = ¥K | | -
“ £ ) Oof/1uss’
Jar X = pl=P) Wled O
. M(/'MC) ol Varian
YSING FoRMYLAS - & (1= )
_ ~ [+C .
= j)-68). T fire-c ) S Belrmant
= I{j}f) -(iik)))' N -‘_f?’(’/ ‘ /+€ %Iﬂ;\ggéfqﬂf\/
e -'('/';521 W

50

-

(O splo = L

: [r€& duaFion

(&



CALCULATOR-ASSUMED 11 METHODS UNIT 3
Question 16 (11 marks)
A particle starts from rest at 0 and travels in a straight line.

Its velocity v ms™, at time t seconds, is given by v = 15t — 3t2for0 <t <2and v = 72¢t~2 fort > 2.

(a) Determine the initial acceleration of the particle. (2 marks)l/
fg - /5-6¢ /db,((/w‘qcs a as %ﬁ-

-2/ , 1oofr
t=0 Ay - /5 M St e

(b)  Calculate the change in displacement of the particle during the first two seconds.
2 e 5 (2 marks)
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(c)  Justify that the displacement of the particle at x = 2 seconds is the same as the change of
displacement in the first two seconds calculated in (b).

- 2 = 1dearifes chan € (2 marks)
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(d) Determine, in terms of t, an expression for the displacement, x m, of the particle from O for ¢ > 2.

- (2 marks)
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(e)  Determine the distance of the particle from 0 when its acceleration is —2.25 ms2

q = - /—iﬁ (3 marks)
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Question 17 (4 marks)
The cost of producing x items of a product is given by $[6x + 1000e~%%%*]. Each item is sold for $21.80.

(a) Write an equation to describe R (x), the revenue from selling the product .

/ (1 mark)
ROoe) = A8 ¢ J Oefudnns
Rixy Yt ot
(b) Write an equation for P(x). the profit function. ;
-0-0/C J (1 mark)

Plx)= /- 8x—bx — (060 ¢€ /
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(c) Determine P'(500) and interpret this value.
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Question 18

METHODS UNIT 3

(7 marks)

A random sample of n components are selected at random from a factory production line. The proportion of
components that are defective is p and the probability that a component is defective is independent of the

condition of any other component.

The random variable X is the number of faulty components in the sample. The mean and standard

deviation of X are 8.46 and 2.82 respectively.

(a)  Determine the values of n and p.

~ 8(n p)
np = 5"4.62/
(1)~ (#:62)
bi ()= 77524
P 006
n = il

1]

(4 marks)
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(b)  After changes are made to the manufacturing process, the proportion of defective components is
now 2%. Determine the smallest sample size required to ensure that the probability that the sample

contains at least one defective component is at least 0.8.

X ~ f&;% 0~02)
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CALCULATOR-ASSUMED 14
Question 19 (7 marks)
(a) The graph of y = 6(2 — 3x)? is shown below.
¥
< 1
< 7 ] —— > X
x =k
(i) Determine the area of the region enclosed by the curve and the coordinates axes
3 _ (2 marks)
§ (2-3)° =0
= 2
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ral
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(ii) Given that the area of the region bounded by the curve, the x-axis and the line x = k is 2 square
units, determine the value of k, where 0 < k < — (2 marks)
P oo ' ;
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(b)  Given the function y = xe* —e"

% %
(i) Determine 2)";' _d_z = X.& 1€ (l) il (1 marke)
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Using part (i), determine the exact value of I xe" +X )dx :
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15 METHODS UNIT 3
Question 20 (7 marks)
Consider the graph of y = f(x) for-1<sx<4.

f(x)
A
E
< £ /C\ /\i > X
-1 1 D 4
It is known that: ¥
1
° J' fix) =0
-1
e Areas C, D and E are 1, 5 and 4 units? respectively
(a) Determine : ‘/O/CK'/‘“M(S
4
(i) Jf(x) x = O+ /-5 {—4 /,‘jﬁfaﬁ (1 mark)
-1 _ Fa
= 0
g / aéo/dﬁcmff
ii) J f(x) dx giventhatAreaA= 3 units? wffcd M (1 mark)
° ~3#1 -5tk g
- -3
(i) the area enclosed by the graph of f and the x—axis between 1 and 4 (1 mark)
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(b) Determine the values of:
4 d
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Question 21 (7 marks)

A fuel storage tank, initially containing 550 L, is being filled at a rate given by

dv _ t*(60—1t)
dt 250

0<t<60

where V is the volume of fuel in the tank in litres and t is the time in minutes since filling began. The tank
will be completely full after one hour.

(a) Calculate the volume of fuel in the tank after 10 minutes.

‘f"’ £2(60-t). At |
, 7 250 /M&W?y
o L gfaﬂj‘d
LL = S50t 70 pode of Aéop”

620 L J caloubale”

(3 marks)

\

il

(b) Determine the time taken for the tank to fill to one-half of its maximum capacity.

; ( ) a{t (4 marks)
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